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Abstract
If the homology of the free loop space of a closed manifold B is infinite dimensional then
generically there exist infinitely many leaf-wise intersection points for fiberwise star-shaped
hypersurfaces in T ∗B. We illustrate this in the case of the restricted three body problem.
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1. Introduction
Let (M, ω) be a symplectic manifold and f ∈ C∞(M) an autonomous, i.e. time
independent, Hamiltonian function which is referred to as the energy. For autonomous
Hamiltonian functions the energy is preserved thus the hypersurface Σ := f −1(0) is
invariant under the Hamiltonian flow φtf of f . φ
t
f is generated by the Hamiltonian vector
field X f which is uniquely defined by the equation ω(X f , ·) = d f . If 0 is a regular value
of f the hypersurface is a coisotropic submanifold which is foliated by one-dimensional
isotropic leaves, see [21, Section 3.3]. If we denote by Lx the leaf through x ∈ Σ we have
the equality
Lx =

t∈R
φtf (x). (1.1)
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Fig. 1. A leaf-wise intersection.
We denote by Hamc(M) the set of time-1-maps φ1H of Hamiltonian flows φ
t
H generated
by compactly supported, time-dependent Hamiltonian functions H : [0, 1]×M −→ R. For
given ψ ∈ Hamc(M) we are interested in points x ∈ Σ with the property
ψ(x) ∈ Lx . (1.2)
This notion was introduced and studied by Moser in [20]. Such points are called leaf-
wise intersections. We refer to the survey [3] for a guide to the literature on leaf-wise
intersections (see Fig. 1).
Periodic orbits are the fundamental building blocks for Hamiltonian dynamical systems.
Indeed, according to Poincare´, [23, Chapitre III], periodic orbits are the only breach
through which we can try to penetrate into a so far inaccessible place.
D’ailleurs, ce qui nous rend ces solutions pe´riodiques si pre´cieuses, c’est qu’elles
sont, pour ainsi dire, la seule bre`che par ou` nous puissions essayer de pe´ne´trer dans
une place jusqu’ici re´pute´e inabordable.
Over the last decade Poincare´’s vision manifested itself in symplectic field theory, see [14],
and finite energy foliations, see [16]. Periodic orbits generate the algebra of SFT and at the
same time serve as binding orbits of finite energy foliations. Poincare´’s ideas are the corner
stone of a new field called symplectic dynamics, see [10].
We regard leaf-wise intersection as the replacement of periodic orbits in the global
perturbation theory of Hamiltonian systems. We expect that an analogue of SFT
compactness, see [8], holds for the gradient flow equation of the Rabinowitz action
functional in symplectizations of contact manifolds. In this theory leaf-wise intersection
points will interact with periodic orbits of the unperturbed system.
As an example we consider the restricted three body problem namely a (massless)
satellite moving in the gravitational field of two massive bodies, see below for more details.
A perturbation could be a comet passing by. In particular, during the time the comet is in
the vicinity, the satellite is not confined to its energy hypersurface anymore. Energy is
not preserved. Then a leaf-wise intersection point corresponds to the following scenario.
After the perturbation is over the satellite not only returns to its energy hypersurface but
continues on the same orbit as before the perturbation.
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Coming back to the general discussion we now consider the special class of symplectic
manifolds which are cotangent bundles T ∗B of a closed, connected manifold B. Cotangent
bundles appear as the phase space of classical Hamiltonian dynamical systems with
configuration space B. The symplectic form ω on T ∗B is given by ω =dim Bi=1 dpi ∧ dqi
where qi are local coordinates on B and pi the induced cotangent coordinates. The
expression for ω is invariant under coordinate changes. The fiberwise radial vector field
on T ∗B in local coordinates is given by X :=  pi ∂∂pi . It is a Liouville vector field,
i.e. LXω = ω. In particular, the flow of X is conformally expanding the symplectic
form. A closed, connected hypersurface Σ ⊂ T ∗B is called fiberwise star-shaped if
X t Σ . This implies that Σ ∩ T ∗q B is diffeomorphic to a sphere which is star-shaped
with respect to the origin in T ∗q B. Level sets f −1(c) of mechanical Hamiltonian functions
f (q, p) = 12 |p|2g + U (q), kinetic energy plus potential energy, are fiberwise star-shaped
provided that c > maxB U .
As above a fiberwise star-shaped hypersurface Σ ⊂ T ∗B is foliated by the flow lines
of the Hamiltonian flow φtf . From now on we assume that the hypersurface Σ is non-
degenerate, see [15, section 1] for a precise definition. In short, non-degeneracy means
that periodic orbits of the flow φtf are isolated on Σ and after choosing a local transversal
section to a periodic orbit the linearized flow along this periodic orbit has no eigenvalue
equal to 1. This in particular implies that for any T > 0 the set {x ∈ Σ | φtf (x) = x, t ≤ T }
is a finite disjoint union of circles, in particular a compact one-dimensional submanifold of
Σ . After a generic Hamiltonian perturbation a fiberwise star-shaped hypersurface becomes
non-degenerate. We denote byLB = C∞(S1, B) the free loop space of B.
Theorem 1. Assume that dim H∗(LB) = ∞. If dim B ≥ 2 and Σ is non-degenerate then
for a generic ψ ∈ Hamc(T ∗B) there exist infinitely many leaf-wise intersections.
Definition 1.1. A leaf-wise intersection x ∈ Σ is called periodic if the leaf Lx is a closed
orbit of the flow φtf .
Remark 1.2. • It is not known if Theorem 1 holds without the genericity assumption.
However, the following theorem has been proved in [4,17]. Under the same assumptions
as in the theorem there exists infinitely many leaf-wise intersections or a periodic leaf-
wise intersection.
• The assumption dim B ≥ 2 is necessary as the example B = S1 shows.
• If π1(B) is finite then dim H∗(LB) = ∞ by a theorem of Vigue´-Poirrier
and Sullivan [25]. If the number of conjugacy classes of π1(B) is infinite then
dim H0(LB) = ∞. Therefore, the only remaining case is if π1(B) is infinite but the
number of conjugacy classes of π1(B) is finite. As far as we now it is an open question
whether such manifolds exist.
• The non-degeneracy assumption on Σ is essential as the following example shows.
We consider B = S2 with the round metric g0. Then the unit cotangent bundle
Σ = {(q, p) | |p|2g0 = 1} is foliated by periodic Reeb orbits since all geodesics are
P. Albers, U. Frauenfelder / Expo. Math. 30 (2012) 168–181 171
closed on the round S2. In particular, every perturbation ψ has only periodic leaf-wise
intersection.
We now explain an application of Theorem 1 to the global perturbation theory of the
planar circular restricted three body problem. We refer the reader to the book [6] for a
detailed treaty of the restricted three body problem. This problem describes the motion
of a massless particle, the satellite, in the gravitational field of two massive bodies, the
primaries, which by assumption move about their center of mass on circles. Moreover, the
satellite is assumed to move in the plane spanned by the primaries. In the inertial coordinate
system the Hamiltonian function H i : T ∗R2×S1 → R describing the motion of the satellite
is given by kinetic plus potential energy
H i (q, p, t) = 1
2
|p|2 − µ|q − M(t)| −
1− µ
|q − E(t)| (1.3)
where M(t) = (1 − µ)(cos 2π t, sin 2π t) and E(t) = −µ(cos 2π t, sin 2π t) are the
positions of the primaries, moon and earth, and µ ∈ (0, 1) is the mass of the moon and
1 − µ is the mass of the earth. After a time-dependent change of coordinates we may
assume that moon and earth are at the fixed positions M = (1 − µ, 0) and E = (−µ, 0).
This coordinate change is generated by the angular momentum p2q1 − p1q2. Thus, the
Hamiltonian function in this rotating coordinate system is given by
H(q, p) = 1
2
|p|2 + p2q1 − p1q2 − µ|q − M | −
1− µ
|q − E |
= 1
2

(p1 − q2)2 + (p2 + q1)2
− µ|q − M | − 1− µ|q − E | − 12 |q|2  
=:U (q)
. (1.4)
Surprisingly, H becomes autonomous in the rotating coordinate system. This observation
goes back to Jacobi. The function U (q) is called the effective potential. It contains the
potential energies of earth and moon plus a term responsible for the centripetal force. The
quadratic term of H is a kinetic term twisted by a term giving rise to the Coriolis force in
the rotating coordinate system. Due to this H is not a mechanical Hamiltonian function. In
fact, the energy hypersurface H−1(c) is fiberwise star-shaped with respect to p ∂
∂p if c > 0
but not for c < 0.
Critical points of H are in one-to-one correspondence to critical points of U via the
projection π onto the q-coordinates. U has five critical points known as Lagrange points
L1, . . . , L5. We order them such that for 0 < µ < 12 we have H(L1) < H(L2) <
H(L3) < H(L4) = H(L5). The Hills region Kc is the projection of the energy
hypersurface Σc = {H = c} (see Fig. 2)
Kc = π(Σc) = {U ≤ c}. (1.5)
If c < H(L1) then the Hills region has three connected components, two bounded KEc ,
KMc and one unbounded Kuc . The corresponding components of Σc are denoted by Σ Ec ,
ΣMc , resp. Σ
u
c . For H(L1) < c < H(L2) a neck opens between E and M . L1 is a saddle
point of U and therefore a critical point of Morse index 1 of H . Therefore, the transition
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Fig. 2. Lagrange points.
of c through H(L1) amounts to attaching a 1-handle, i.e. the components Σ Ec and Σ
M
c
undergo a connected sum and form Σ E#Mc . The corresponding Hills region is denoted by
KE#Mc (see Figs. 3 and 4).
If c moves through H(L2) a neck to infinity opens near L2 and then the same at L3.
Finally, if c passes H(L4) = H(L5) the Hills region becomes the whole q-plane.
Although the Hills regions KMc , KEc are bounded the corresponding energy
hypersurfaces ΣMc and Σ
E
c are not compact. This is due to collisions with either primary.
However, Sundman and Levi-Civita showed that two-body collisions can always be
regularized, see [24]. In the case of the Kepler problem this was beautifully illustrated
by Moser in [19], see also [9], and works as follows. The Kepler Hamiltonian is
k(q, p) = 1
2
|p|2 − 1|q| . (1.6)
For simplicity we focus on the energy hypersurface {k = − 12 }. In particular, all orbits are
ellipses or collision orbits. We set
K (q, p) := |q|

k(q, p)+ 1
2

= 1
2
|p|2 + 1|q| + 1 (1.7)
and note that Σ := {K = 0} = {k = − 12 }. Moreover, on Σ we observe
∂K
∂q
= |q| ∂k
∂q
,
∂K
∂p
= |q| ∂k
∂p
. (1.8)
Thus, up to time reparametrization the flow of k and K coincide on Σ . If the roˆles of q
resp. p as base resp. fiber coordinates are reversed then (|p|2 + 1)|q| is nothing but the
length of the (co-)vector q at the point p on S2 in stereographic projection with respect
to the round metric on S2. Thus, after K is pulled back via the stereographic projection
to T ∗S2 it becomes the function “length of a (co-)vector”. In particular, its Hamiltonian
flow is the geodesic flow of the round metric on S2. Therefore, stereographic projection
turns the Kepler flow into the geodesic flow on S2\ {north-pole}. The missing flow lines
are exactly those through the north pole p = ∞, i.e. those which correspond to flow lines
reaching infinite momentum in R2. These are the collision orbits. In particular, the Kepler
flow (after pull-back via stereographic projection) is canonically extended by the geodesic
flow on S2. This process is called regularization. The energy hypersurface Σ = {k = − 12 }
is completed to the unit cotangent bundle of T ∗S2 and thus is diffeomorphic to RP3.
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Fig. 3. Hills region for c < H(L1).
Fig. 4. Hills region for H(L1) < c < H(L2).
For c < H(L1) the energy hypersurfaces ΣMc resp. Σ
E
c for the restricted three body
problem are regularized as above. This leads to compact energy hypersurfacesΣ
M
c ⊂ T ∗S2
resp. Σ
E
c ⊂ T ∗S2 which are diffeomorphic to RP3. We proved with Paternain and van
Koert in [5] thatΣ
M
c andΣ
E
c are fiberwise star-shaped. In the above coordinates that means
that the Liouville vector field (q − E) ∂
∂q resp. (q − M) ∂∂q is transverse to ΣMc resp. Σ Ec .
To a generic perturbation of the restricted three body problem we can apply Theorem 1.
Corollary 1.3. A generic ψ ∈ Hamc(T ∗S2) has infinitely many leaf-wise intersections
for a generic perturbation of the planar circular restricted three body problem around the
moon M and the earth E if the energy values are below H(L1).
Remark 1.4. The result in [5] continues to hold for energy values slightly above H(L1).
The energy surface Σ
E#M
c which is a connected sum of RP3 with itself arises in fact as the
boundary of the boundary connected sum of two unit cotangent bundles of the 2-sphere.
Using that symplectic homology is additive under boundary connected sum, see [13,
18], and the long exact sequence between symplectic (co-)homology and Rabinowitz
Floer homology, see [12], we conclude that Rabinowitz Floer homology remains infinite
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dimensional for energy values slightly above H(L1). Thus, the proof of Theorem 1 implies
that the above Corollary continues to hold.
2. Leaf-wise intersections and Rabinowitz Floer homology
Definition 2.1. A pair M = (F, H) of Hamiltonian functions F, H : S1 × M −→ R is
called a Moser pair if it satisfies
F(t, ·) = 0 ∀t ∈

1
2
, 1

and H(t, ·) = 0 ∀t ∈

0,
1
2

, (2.1)
and F is of the form F(t, x) = ρ(t) f (x) for some smooth map ρ: S1 → R with 1
0 ρ(t)dt = 1 and f : M −→ R.
Definition 2.2. We set
H :=

H ∈ C∞(S1 × M) | H has compact support and H(t, ·) = 0
∀t ∈

0,
1
2

. (2.2)
Remark 2.3. It’s easy to see that Ham(M, ω) ≡ {φ1H | H ∈ H}, see [2].
Let (M, ω = −dλ) be an exact symplectic manifold. Then for a Moser pairM = (F, H)
the perturbed Rabinowitz action functional is defined by
AM:LM × R −→ R
(v, η) →

S1
v∗λ−
 1
0
H(t, v)dt − η
 1
0
F(t, v)dt
(2.3)
where LM := C∞(S1, M). We recall that ω(X F , ·) = d F(·). Then a critical point (v, η)
of AM is a solution of
∂tv = ηX F (t, v)+ X H (t, v) 1
0
F(t, v)dt = 0
 . (2.4)
We observed in [2] that critical points of AM give rise to leaf-wise intersections.
Proposition 2.4 ([2]). Let (v, η) be a critical point of AM then x := v( 12 ) ∈ f −1(0) and
φ1H (x) ∈ Lx (2.5)
thus, x is a leaf-wise intersection.
Moreover, the map CritAM → {leaf-wise intersections} is injective unless there exists a
periodic leaf-wise intersection (see Definition 1.1).
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For the convenience of the reader we reproduce the proof here from [2].
Proof. For t ∈ [0, 12 ] we compute, using H(t, ·) = 0 for all t ≤ 12 ,
d
dt
f (v(t)) = d f (v(t)) · ∂t u
= d f (v(t)) · [X H (t, v)  
=0
+η X F (t, v)  
=ρ(t)X f (v)
]
= 0, (2.6)
since d f (X f ) = 0. Hence f (v(t)) = c = const. Thus,
0 =
 1
0
F(t, v)dt =
 1
0
ρ(t) f (v(t))dt = c. (2.7)
Therefore, f (v(t)) = c = 0, and since f −1(0) = Σ we have v(t) ∈ Σ for t ∈ [0, 12 ]. In
particular, v( 12 ), v(0) = v(1) ∈ Σ .
For t ∈ [ 12 , 1] we have F(t, ·) = 0. Thus, the loop v solves the equation ∂tv = X H (t, v)
on [ 12 , 1], and therefore, v(1) = φ1H (v( 12 )). We conclude that φ1H (v( 12 )) ∈ Σ . Using again
that for t ∈ [0, 12 ], ∂tv = X H (t, v)+ηX F (t, v) = ηX F (t, v) = ηρ(t)X f (v) and v(t) ∈ Σ
we see that v(1) = v(0) ∈ L
v( 12 )
since X f |Σ = R.
With the definition x := v( 12 ) we then have φ1H (x) = v(1) ∈ Lx . This concludes the
proof. 
Definition 2.5. A Moser pair M = (F, H) is of contact type if the following four
conditions hold.
(1) 0 is a regular value of f .
(2) d f has compact support.
(3) The hypersurface Σ := f −1(0) is a closed restricted contact type hypersurface of
(M, ω = −dλ), i.e. if λ ∧ ω 12 dim M−1|Σ is a volume form.
(4) The Hamiltonian vector field X f restricts to the Reeb vector field of α := λ|Σ , i.e. X f
is tangent to Σ , dα(X f , ·) = 0, and α(X f ) = 1.
Remark 2.6. If Σ ⊂ T ∗B is a fiberwise star-shaped hypersurface there exists a contact-
type Moser pairM with Σ = f −1(0).
Definition 2.7. A Moser pairM is called regular if AM is Morse.
We recall the following
Proposition 2.8 ([2]). A generic contact-type Moser pair is regular.
For a regular contact-type Moser pair M on an exact symplectic manifold which
is convex at infinity Rabinowitz Floer homology RFH∗(M) is defined from the chain
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complex
RFCk(M)
:=

ξ =

µCZ(c)=k
ξc c | #{c ∈ CritAM | ξc ≠ 0 ∈ Z/2,AM(c) ≥ κ}<∞ ∀κ∈R

(2.8)
where the boundary operator is defined by counting gradient flow lines of AM in the
sense of Floer homology, see [11,2] for details. In particular, on cotangent bundles
T ∗B RFH∗(M) is well defined.
If the Moser pair is of the formM = (F, 0) then AM is never Morse. But for a generic
F the action functional AM is Morse–Bott with critical manifold being the disjoint union
of constant solutions of the form (p, 0), p ∈ f −1(0), and a family of circles corresponding
to closed characteristics of ω on f −1(0).
Definition 2.9. A Moser pair is called weakly regular if it is of the form just described or
if it is regular.
Remark 2.10. For weakly regular Moser pairsM Rabinowitz Floer homology RFH∗(M)
can still be defined by taking the critical points of a Morse function on the critical manifolds
as generators, see [11] for details.
Remark 2.11. We note that if we have two contact type Moser pairsM0 = (F0, H0) and
M1 = (F1, H1) associated with two fiberwise star-shaped hypersurfaces Σ0 and Σ1 then
they can be joined through a smooth family of Moser pairsMr = (Fr , H r ) such that the
corresponding hypersurfaces Σr remain fiberwise star-shaped. In particular, eachMr is a
contact-type Moser pair.
LetMr = (Fr , H r ), r ∈ [0, 1] be a smooth family of contact-type Moser pairs. We fix
once for all a smooth function β ∈ C∞(R, [0, 1]) satisfying β(s) = 0 for s ≤ 0, β(s) = 1
for s ≥ 1, and 0 ≤ β ′ ≤ 2. Then we set
Fs := Fβ(s), Hs := Hβ(s), and Ms := (Fs, Hs) (2.9)
for s ∈ R. The corresponding s-dependent Rabinowitz action functional is
As(v, η) :=

S1
v∗λ−
 1
0
Hs(t, v(t))dt − η
 1
0
Fs(t, v(t))dt. (2.10)
It is used to define the standard continuation homomorphisms in Rabinowitz Floer
homology, that is, given two weakly regular Moser pairs M0 and M1 there exist natural
isomorphisms
mM
0
M1
: RFH∗(M0) −→ RFH∗(M1), (2.11)
see [2] for details.
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3. Proof of Theorem 1
Let (B, g) be a closed Riemannian manifold and S∗g B the unit cotangent bundle with
respect to g. Cutting off the function 12 (∥p∥2g − 1) outside a large compact subset of T ∗B
gives rise to a contact-type Moser pairM0 = (F0, 0) for S∗g B.
Remark 3.1. According to a Theorem by Abraham [1] for a generic metric g the Moser
pair M0 = (F0, 0) is weakly regular. More precisely, every bumpy metric satisfies this
condition.
Lemma 3.2. If dim H∗(LB) = ∞ then dim RFH∗(M0) = ∞.
Proof. This follows from [12, Theorem 1.10], see [7] for an alternative proof. 
Proof of Theorem 1. We fix a fiberwise star-shaped hypersurface Σ and ψ ∈
Hamc(T ∗B). This gives rise to a contact type Moser pairM = (F, H). In particular, ψ is
the time-one map of the Hamiltonian flow of H , i.e. ψ = φ1H . If Σ is non-degenerate and
ψ is generic the perturbed Rabinowitz action functionalAM is Morse, see Proposition 2.8.
Since Σ is fiberwise star-shaped the Moser pairM can be joined toM0 through contact-
type Moser pairs, see Remark 2.11. Thus, using the continuation isomorphism
mM0M : RFH∗(M0) −→ RFH∗(M) (3.1)
we conclude from dim H∗(LB) = ∞ using the above lemma that dim RFH∗(M) = ∞ and
therefore, the Morse functionAM has infinitely many critical points. Now, Proposition 2.4
implies that there exist infinitely many leaf-wise intersections or a periodic leaf-wise
intersection. Thus, to prove Theorem 1 we need to exclude the latter for a generic
ψ ∈ Hamc(T ∗B). That is, we need to make sure that for generic ψ the critical points
of AM do not partly lie on closed Reeb orbits. This is exactly the content of Theorem 3.3
below. Namely, the set HΣ in Theorem 3.3 is precisely the set of Hamiltonian functions
H such that the functional AM withM = (F, H), H ∈ HΣ , has no critical points lying
partly on closed Reeb orbits and is Morse. According to Theorem 3.3 this set is generic,
i.e. a residual set in the sense of Baire. This proves Theorem 1. 
We recall from the introduction that if a hypersurface Σ is non-degenerate then for fixed
τ > 0 the set Rτ := {x ∈ Σ | φtf (x) = x, t ≤ τ } is a finite disjoint union of circles,
in particular a compact one-dimensional submanifold of Σ . We denote by R := ∪τ Rτ
the set of all points on Σ which lie on a closed of φtf . A generic Σ is non-degenerate,
see [11, Theorem B.1], i.e. there exists a residual set in the sense of Baire such that each
hypersurface from this set is non-degenerate. We recall from Definition 2.2
H =

H ∈ C∞(S1 × M) | H has compact support and H(t, ·) = 0
∀t ∈

0,
1
2

. (3.2)
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Theorem 3.3. Let Σ = f −1(0) ⊂ T ∗B be a non-degenerate star-shaped hypersurface
andM0 = (F, 0) be the corresponding weakly regular Moser pair. If dim B ≥ 2 then the
set
HΣ :=

H ∈ H | A(F,H) is Morse and ∀x ∈ CritA(F,H) we have
x |
0, 12
 ∉ R

(3.3)
is generic in H.
Proof. We set M := T ∗B, L = W 1,2(S1, M), and Hk := {H ∈ Ck(S1 × M) |
H(t, ·) = 0 ∀t ∈ [0, 12 ]}. Furthermore, we define the Banach space bundle E −→ L
by Ev = L2(S1, v∗T M). We consider the section S:L × R×Hk −→ E × R defined by
S(v, η, H) := DA(F,H)(v, η) (3.4)
where DA(F,H) is the extension of dA(F,H) as an operator from W 1,2 to L2. Its vertical
differential DS: T(v0,η0,H)L × R×Hk −→ E(v0,η0,H) at (v0, η0, H) ∈ S−1(0) is
DS(v0,η0,H)[(vˆ, ηˆ, Hˆ)] =HA(F,H)(v0, η0)

(vˆ, ηˆ, Hˆ); •+  1
0
d Hˆ(t, v0)[vˆ]dt (3.5)
whereHA(F,H) is the Hessian of A(F,H). The following is [2, Proposition A.2].
Proposition 3.4. The operator DS(v0,η0,H) is surjective for (v0, η0, H) ∈ S−1(0). In fact,
DS(v0,η0,H) is surjective when restricted to the space
V :=

(vˆ, ηˆ, Hˆ) ∈ T(v0,η0,H)L × R×Hk | vˆ

1
2

= 0

. (3.6)
Thus, by the implicit function theorem the universal moduli space
M := S−1(0) (3.7)
is a smooth Banach manifold. Next we define the evaluation map
ev:M −→ Σ
(v0, η0, H) → v0

1
2

.
(3.8)
From Proposition 3.4 together with Lemma 3.5 below it follows that the evaluation map
ev:M −→ Σ is a submersion. Thus, the preimage Mτ of the one-dimensional set
Rτ = {x ∈ Σ | φtf (x) = x, t ≤ τ } under ev satisfies
codim(Mτ ,M) = codim(Rτ ,Σ ) = 2n − 2 ≥ 2 (3.9)
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using dim T ∗B ≥ 4. Mτ is the set of all leaf-wise intersection points for all Hamiltonian
perturbations sitting on Reeb orbits of period at most τ . We set
P:M −→ Hk
(v0, η0, H) → H
(3.10)
and Pτ := P|Mτ :Mτ −→ Hk . We denote by
Hkreg resp. Hkreg,τ (3.11)
the regular values of P resp. Pτ . For H ∈ Hkreg the action functional A(F,H) is Morse and
thus the set of leaf-wise intersection points is zero dimensional. For H ∈ Hkreg,τ the set of
periodic leaf-wise intersection points is a manifold of dimension−codim(Mτ ,M) ≤ −2,
thus empty. Therefore the set
Hkreg ∩

τ∈N
Hkreg,τ (3.12)
is still a generic set. For H in this set the action functional A(F,H) is Morse and there
are no periodic leaf-wise intersection points. Concluding from Ck differentiability to C∞
differentiability follows from a standard argument due to Taubes, see [22, Chapter 3]. This
proves the assertion of Theorem 3.3. 
We learned the following Lemma from Dietmar Salamon.
Lemma 3.5. Let E −→ B be a Banach bundle and s:B −→ E a smooth section.
Moreover, let φ:B −→ N be a smooth map into the Banach manifold N. We fix a point
x ∈ s−1(0) ⊂ B and set K := ker dφ(x) ⊂ TxB and assume the following two conditions.
(1) The vertical differential Ds|K : K −→ Ex is surjective.
(2) dφ(x): TxB −→ Tφ(x)N is surjective.
Then dφ(x)|ker Ds(x): ker Ds(x) −→ Tφ(x)N is surjective.
For convenience we provide a proof here.
Proof. We fix ξ ∈ Tφ(x)N . Condition (2) implies that there exists η ∈ TxB satisfying
dφ(x)η = ξ . Condition (1) implies that there exists ζ ∈ K ⊂ TxB satisfying Ds(x)ζ =
Ds(x)η. We set τ := η − ζ and compute
Ds(x)τ = Ds(x)η − Ds(x)ζ = 0 (3.13)
thus, τ ∈ ker Ds(x). Moreover,
dφ(x)τ = dφ(x)η − dφ(x)ζ  
=0
= dφ(x)η = ξ (3.14)
proving the Lemma. 
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